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Abstract
A well-defined local non-Abelian gauge connection involving a rank-p gauge B-
field was introduced a decade ago. This was achieved by introducing doublet groups
and doublet-assembled connections that can act on a doublet of matter fields, and so,
standard gauging procedures and minimal substitutions are applicable.
We provide here a summarized version of this formalism. We also build up doublet-
extended gauge-invariant actions for bosonic and fermionic matter fields, and discuss
the appearance of novel topological quantities in these doublet-type gauge models. A
partner action for higher-spin fields appears in the doublet version of the fermionic
matter sector. As an application of the proposed formalism, a gauge-invariant Chern-
Simons action in four dimensions is built up; a second order quadratic Yang-Mills type
action can also be defined in this doublet framework, but we show that they can only be
invariant under a Lie subgroup of our extended gauge symmetry. We finally carry out
the task of studying the topological mass generation mechanism in the simplest model
combining these actions into a non-Abelian generalization of the Cremmer-Scherk-Kalb-
Ramond theory that we also show to be power-counting renormalizable.
1 Introduction
The (Abelian) Kalb-Ramond field [1, 2] (KR), Bµν , is a two-form field which appears in
the low-energy limit of String Theory [3], in Quantum Gravity and Supergravity [4] and
in several other frameworks in Particle Physics [5]. In particular, attempts to assign mass
to gauge field models in four dimensions take into account this sort of field accompanied
by a one-form gauge field [6, 7, 8], in order to re-create the topological mass mechanism of
three dimensions. In this sense, it becomes widely accepted that the electroweak breaking
and the mass generation for the matter should be originated from a more fundamental
1e-mail: botta@fisica.unlp.edu.ar
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description. The topological mass mechanism sets out to address this question: the mass
for the gauge boson is not generated by means of a breaking; we rather have extra physical
degrees of freedom inherited from a more fundamental level. We attempt here to deepen
the investigation of properties of the 2-form gauge potential, by trying to better understand
its non-Abelianisation, the possibility to realise its non-minimal coupling to matter and to
work out its behaviour in the ultraviolet regime and quantum consistency.
The Abelian symmetry of the KR field is similar to that of a 1-form gauge field [8]:
Bµν → Bµν +
1
2
(∂µβν − ∂νβµ), (1)
where βν is a 1-form parameter. The old question is how to associate the parameter βµ to the
manifold of a general Lie group [9, 10]? From the physical point of view, it is essential to ask
whether a genuine gauge theory may be formulated for this field, i.e, if the two-form gauge
potential may be stated as a connection on some group manifold. This is important because,
as it is well-known, this structure would be crucial for the identities which determine the
renormalisability or the eventual finiteness of physical models. In particular, in ref. [11],
it was argued that massive (non-Abelian) gauge models [6, 7] based on a gauge KR field,
Bµν , and a usual one-form, Aµ, are ill-defined in four space-time dimensions. The first task
of this article is to clarify the group structure underneath non-Abelian KR fields and to
show that non-Abelian theories based on them may be formulated in a similar way to the
Yang-Mills-Chern-Simons theories in 2+1 dimensions, which are known to be finite [12]. We
however accomodate the KR in an extended scenario, which we shall refer to as the Doublet
Formalism (DF).
Another crucial question that arises is how to define a minimal coupling of this field with
matter fields, with the interaction with gauge fields appearing by replacing partial derivatives
of the matter fields by covariant ones in the free Lagrangian. This is directly related to the
charge conservation laws via Noether’s theorem. To do this, local gauge transformations
for matter fields need to be defined. Up to now, this is unknown for transformations which
involve a 1-form parameter. Some alternatives for these questions were proposed [13], where
its expected applications in gravitation with torsion and p-form cosmology are emphasized
[13, 14, 15, 16, 17].
The problem was discussed first considering possible representations through singlet ten-
sor/spinor spaces, such that the KR field could be built in the connection [18, 19, 20].
However, in ref. [19] (also in [21]) it has been shown that many difficulties involving Lorentz
invariance of physical models appear in the non-Abelian case, and furthermore, the extension
to non-flat space-times seems to be hard. A mathematical framework where these difficulties
are solved was finally proposed in Ref. [22] some years ago. According to this, one may
have a well defined two form gauge field and tackle all these problems, the basic proposal to
achieve this is to relax the conventional representations of groups, imposed in the preceding
approaches. This allows us to construct well defined gauge models for KR fields, which may
be minimally coupled with matter fields in a natural way. Once more, the simplest solution
of the problem arises from considering doublets of tensors of different ranks as a represen-
tation for a Lie group. This kind of idea has been successfully used before, to solve other
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algebraical issues related to dualities and the Hodge map in field theory [24]. In fact, by
considering a doublet field representation, we are able to include a 1-form parameter in an
exponential-like symmetry/transformation law:
δ
(
φ
φµ
)
=
(
iαφ
iαφµ + iβµφ
)
= i
(
α 0
βµ α
)(
φ
φµ
)
(2)
where the variation of the fields is proportional to themselves and to the group parameters
[22]. These simple expressions solve the problem of writing this kind of transformation law
in a simple and satisfactory way, and are the key to define the group operations involving
an 1-form parameter. Notice that, without a doublet representation (and a scalar parameter
α), individual fields (φ and φµ) can never be combined with an 1-form βµ to give a tensor
of the same type, and to define their variations. Clearly, (2) is the most general rule where
both β and a minimal number of matter fields appear linearly and in a Lorentz-invariant
way, such as was argued in refs. [19, 21]. This idea may sound technically trivial but it is
meaningful, it has never been used before as the cornerstone for a gauge principle generating
the two-form field. In this approach everything can be expressed in a manifestly covariant
form, and the generalization to curved space-time becomes rather immediate. In this paper,
we describe this formalism in detail, simplifying and clarifying the language of our original
proposal [22] in order to make it useful; and finally apply it to construct a well-defined non-
Abelian generalization of the topologically massive CSKR theory. Most recently, we would
like to point out that, in the work of ref. [23], the authors present a generalization of the
Stueckelberg mechanism for a massive 2-form potential with a suitable transformation law
for the gauge variation of the corresponding 3-form field strength.
This work is organized as follows: in Section 2, we summarize some of the the main
ingredients of DF: we explicitly find out the Lie group corresponding to these transformations
and build up the covariant derivative with the generic tensor field being part of the connection
is defined; we also define some extra tools as Hodge duality and integration in DF, and
furthermore present a new topological index associated with the extension of the group. In
Section 3, we define the non-Abelian Chern-Simons theory in four dimensions and show its
explicit connection with the so-called BF-theories. A Yang-Mills-type quadratic action is
also analyzed. The construction of gauge invariant matter lagrangians is presented in Sec 5.
Finally, in Section 6, we study the power-counting renormalizabilty of the Yang-Mills-Chern-
Simons model in four dimensions and discuss the topological mass generation mechanism.
Concluding Remarks are cast in Section 7.
2 A Summary of the the Doublet Formalism.
Let (M, gµν) be a generalD-dimensional space time andG be a Lie group whose associated al-
gebra is G; τa are the matrices representing the generators of the group with a = 1, . . . , dimG;
τabc are the structure constants ([τa, τ b] = τabc τ c).
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As mentioned, consider the general transformations
δφ = iαφ
δφµ = iαφµ + iβµφ (3)
where the doublet of parameters (α, β) consists of two Lie algebra valued 0- and 1-forms
respectively 3. Let us denote the doublet of fields by Φ ≡ (φ, φµ). Thus, this transformation
may be formally expressed as
δα,βΦ = (Iα+ σβ)Φ (4)
where I, σ are 2× 2 matrices, satisfying the algebra:
Iσ = σ , I2 = I , σ2 = 0 (5)
From expression (2), the simplest representation of this algebra is
I =
(
1 0
0 1
)
, (6)
σ =
(
0 0
1 0
)
. (7)
Notice that there is another interesting representation by taking σ to be a Grassman param-
eter.
The product of two elements of the algebra is well defined and is naturally given by the
usual matrix product
δα′,β′ δα,βΦ = I(α
′ α) + σ(β ′ α + α′ β)Φ, (8)
This is the most general associative product (such that the upper component of the
matrix (2) vanishes) we can construct in this way [22].
Thus, the algebra elements may alternatively be expressed in terms of doublets, ordered
pairs of 0- and 1-forms. The product of doublets reads as:
(α , βµ) (φ , φµ) = (αφ , αφµ + βµφ) (9)
thus the symmetry transformation is
(δφ , δφµ) = i (α , βµ) (φ , φµ) = (iαφ , iαφµ + iβµφ) ,
and the identity represents as (1, 0).
Using the expression (3) for the infinitesimal transformation, it may be easily shown that
a group element may be expressed as usually
g = exp iΓ (10)
3We assume them in a matricial representation of the algebra.
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where the algebra parameter in this case writes
Γ = (Iαa + σβaµ) τ
a. (11)
Notice that by virtue of the property σ2 = 0, expression (10) reduces to be linear in β.
For instance, consider a very particular example where the Lie group has the structure
G(α)×G(β), such that the generators of the α and β-sectors are different: Γ = Iα
aτa+σβaµτ
′a ;
[α, β] = 0, then the group element results g(α, βµ) = (e
iα, iβµe
iα) [24]. Except this special
case, the exponential form (10) is mnemonically more natural and easier for computations
and algebraic manipulations.
The set of exponentials (10) constitutes a group since the Lie Algebra can be extended
to the doublet algebra (DA) by taking the following set of generators:
{τa ; τaµ ≡ στaeµ} , (12)
where eµ denotes a basis of the space-time one-forms. These elements close the following
extended algebra:
[τa, τ b] = fabcτ c ; [τaµ, τ b] = fabcτ cµ ; [τaµ, τ bν ] = 0 . (13)
So, exponents of the form (11) can be expressed as Γ = αa τa + βaµ τ
aµ. The subset β ≡ 0
defines the conventional Lie soubgroup/subalgebra. The rest of the construction is standard
and follows in a straightforward way from what given above.
2.1 General doublets of (1, r + 1)-tensors as gauge connections.
Let us consider the most general representations of doublets introduced in Ref. [22], which
consist in pairs of tensors (φqp, φ
q′
p′) ∈ Π
q
p × Π
q′
p′ (Π
q
p denotes the standard set of tensors of
type (q, p) 4). So, the symmetry transformation can be built over doublets of arbitrary order
using the same idea, in any of the spaces (φqp, φ
q′
p′) ∈ Π
q
p×Π
q′
p′ , ∀p, q, q
′, r which takes values
in a representation of the Lie group. For simplicity, let us take arbitrary pairs of tensors
with coincident covariant type Φ = (φp, φp′) and (α, βr) ∈ Π0 × Πr (r ≡ p
′ − p), and the
r-generalized connection reads as A = (A1, Br+1) ∈ Π1 × Πr+1 and so on. In this case, in
view of (2), the symmetry can be written as below:
δ
(
φp
φp+r
)
= i
(
α 0
βr α
)(
φp
φp+r
)
. (14)
For simplicity consider now q = 0. We introduce the partial derivative of a (0, p) tensor
Tp as a (0, p+ 1) tensor given by
Tp = Tµ1...µpdx
µ1 ⊗ ...⊗ dxµp ,
4In other similar formalisms, only forms and exterior calculus are considered
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as
∂Tp := ∂µTµ1...µpdx
µ ⊗ dxµ1 ⊗ ...⊗ dxµp .
So, we can define the partial derivative of a doublet as the doublet consisting of the partial
derivatives
∂(φp, φp+r) ≡ ((∂φp)p+1, (∂φp+r)p+r+1). (15)
It is easy to verify that this definition is consistent with the Leibnitz rule for the product of
doublets.
The tensor product of two doublets of arbitrary orders and types, is the simple general-
ization of the rule (9):(A,B)(A′, B′) = (A⊗ A′, A⊗B′ +B ⊗ A′). Next, one can define the
[nonexterior] covariant derivative of a (p, p′)-doublet, Φ = (φp, φp′), as a (p+1, p
′+1)-doublet:
DΦ = ∂Φ − i[A , Φ] = (∂φp − i[A1, φp] , ∂φp+r − i[A1, φp+r]− i[Br+1, φp]) , (16)
where the connection must be a doublet valued on any Lie algebra:
A ≡ (A1, Br+1) = (A
a
1, B
a
r+1) τ
a (17)
of order r = p−p′. These are what we wish call Doublet-Connections, and constitutes one of
the most meaningful achievement of the present approach since any-rank tensor canonically
appears in a gauge connection on an arbitrary Lie group, in a way that avoid all the old
conflicts with Lorentz invariance [19] [21]. We would like to highlight that the doublet of eq.
(17) sets out as a genuine non-Abelian connection, and the gauge transformations below,
eqs. (20) and (21), show that an Abelianization of the problem is actually not possible for
generic fields and arbitrary transformations α, β), except in the separable case [α, β]=0.
Imposing that gDΦ = D′Φ′, and using D′ = ∂ − i[A′ , ] and Φ′ = gΦ, we obtain the
transformation law for the connection:
A′ = g(α, β)Ag(−α,−β)− i(∂g(α, β))g(−α,−β), (18)
whose infinitesimal expression is
δA = ∂(α, β)− i[A, (α, β)] = D(α, β) (19)
(The canonical curvature tensor F ∈ Π2 × Π2+r transforms as F
′ = g(α, β)Fg(−α,−β).) ;
which reads, in terms of the doublet components:
δA = ∂α − i[A, α] , (20)
δB = ∂β − i[B, α]− i[A, β] . (21)
So for instance, in terms of tensor components, the curvature tensor F = (F2, h3) ∈
Π2 ×Π3 results as
Fµν = 2∂[µAν] + i[Aµ, Aν ] (22)
Gµνρ = 2∂[µBν]ρ + i([Bµρ, Aν ] + [Aµ, Bνρ]) (23)
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which, expressed in terms of the algebra generators reads
Gµν = G
c
µνρτ
cρ = 2∂[µB
c
ν]ρ τ
cρ + i(Ba[µ|ρA
b
ν] + A
a
[µB
b
ν]ρ) f
abcτ cρ =
= 2∂[µB
c
ν]ρ τ
cρ + 2i Ba[µ|ρA
b
ν] f
abcτ cρ (24)
where brackets [ , ] stand for anti-symmetrization over the indices µ, ν, and the symbol |
before the ρ index means that ρ is not to be anti-symmetrized.
Let us remark that DF [22] is more general than often definitions of the B-field and
its associate curvature G: recall it describes connections (A1, Bp), where B may be general
contravariant tensors (or spinors [32]) rather only p-forms.
This allows us to describe all tensor (and spinor) types in a connection on an arbitrary
group and generalize the gauging principles, with tensors as gauge parameters. In the general
formula (23), B and G are not totally anti-symmetric and contain more components, then,
the so-called Kalb-Ramond gauge field must be identified with its totally anti-symmetric
part: Bµν ≡ B[µν], and the totally antisymmetric part of the curvature doublet is the usual
(2, 3)-form pair: (F,H) ≡ (F[µν], H[µνρ]), where, according to (23)
Hµνρ = 2∂[µBνρ] + i
(
[B[µρ , Aν]] + [A[µ , Bνρ]]
)
≡ d ∧B + A ∧B +B ∧ A. (25)
So the Kalb Ramond field may be found as a component of the exterior connection in
the exterior covariant derivative, defined as the totally anti-symmetric part of the covariant
derivative defined above (where tensor products ⊗ must be substituted by exterior ones ∧).
For arbitrary rank:
D ∧ Φ ≡ ∂ ∧ Φ− iA ∧ Φ = (d φp − iA1 ∧ φp , d φp+r − iA1 ∧ φp+r − iBr+1 ∧ φp) , (26)
and the doublet field strength is the curvature of this derivative:
F ≡ (F2, Hr+2) = ( d ∧ A1 + A1 ∧ A1, d ∧ Br+1 + A1 ∧Br+1 +Br+1 ∧ A1). (27)
This satisfy the Bianchi identities:
D ∧ F = 0 . (28)
Using (26) this splits as:
(d − iA) ∧ F = 0 , (d − iA) ∧H − iB ∧ F = 0 . (29)
These relations are a consequence of the Jacobi identities, which are closely the associative
property of the algebra. We should recall however, that DF admits natural generalizations
to non-associative algebras through the introduction of a metric in the base manifold (more
details may be found at the original article [22]).
We have noticed that this general DF is coincident with other formalisms whenever one
adopts specific choices; e.g., whenever particularized to exterior calculus for pairs of p, p+1-
rank forms, it is similar to the so-called generalized exterior calculus developed in [30]; and
furthermore, for the simplest doublet connection (A1, B2), our formalism coincides with the
more recent construction of [33].
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2.2 Hodge map and integration in the DF.
The formalism above requires some extra structure in order to define topological actions and
gauge theories in general. Concepts as the Hodge operation and integration on manifolds
shall also be extended according to this formalism in a consistent way.
The problem of defining self(/anti-self)-duality relations for arbitrary forms, space time
dimension and signature, may be solved by introducing doublets of this type and generalizing
the Hodge operation accordingly, which allowed to avoid the conflict with the signal of the
contraction of two Levi-Civita tensors [24].
Let us consider a d-dimensional space-time with signature, s, and a generic forms doublet
Φ ≡ (φp , φq) in the space Λp,q ≡ Λp × Λq. Thus, one may define a Hodge-type operation for
these objects by means of
∗Φ ≡ (Sq
∗φq , Sp
∗φp), (30)
where |Sp| = 1 is properly defined in order to get consistency with:
∗(∗Φ) = Φ. (31)
But the double dual operation, for a generic p-form A depends on the signature (s) and
dimension of the space-time in the form: ∗(∗A) = (−1)s+p[d−p]A . Therefore, (30) and (31)
imply:
(−1)s+p[d−p]Sd−pSp = 1. (32)
∗ applied to doublets is defined such that its components are interchanged with a supple-
mentary factor (30) satisfying (32), which is fulfilled if
Sd−pSp = (−1)
s+p[d−p] (33)
is chosen. Notice that the requirement (31) is inconsistent with the case p = d/2, for
Lorentzian signature s = 1. So here, we consider the generic case p 6= d/2 for simplicity.
Below, we will show that Sp is to be finally fixed through physicalness requirements on the
actions.
Notice that there is a well defined notion of self (anti-self)-duality for doublets, since
∗Φ = ±Φ (34)
is consistent with the requirement (31). This operation may be expressed schematically in
terms of the algebra elements (I, σ) as:
∗I ∼ σ ∗σ ∼ I ,
up to signal factors Sp,q that depend on the tensor coefficients.
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2.3 Integration
The present formalism admits more general definitions of integration that might be useful
in certain context related to topological objects (we are going to discuss a bit this subject
in the following section) [28]. In fact we naturally can define a pair of integrals of (Ap, Bd)
for a doublet of manifolds (Σp,M), provided that Σp is a p-dimensional submanifold of M ,
I ≡
∫
(Σp,M)
(Ap, Bd) ≡
( ∫
Σp
Ap ,
∫
M
Bd
)
(35)
In order to define actions, one may combine the components of I ≡ (Ip, Id) to define one
number as the integral of (Ap, Bd) over (Σp,M) in several ways. The natural meaningful
prescription is the sum
I ≡ Ip + Id =
∫
(Σp,M)
(Ap, Bd) ≡
∫
Σp
Ap +
∫
M
Bd . (36)
In contexts where there is not a natural submanifold Σp, the only geometric (relativistic
invariant) definition, reduces just to the second term:
I ≡
∫
M
(Ap, Bd) = Id =
∫
M
Bd. (37)
In the particular case p = d− 1, there is a natural (relativistic) hypersurface Σp = ∂M ,
then one can define the integral over M by means of:∫
M
(Ad−1, Bd) ≡
∫
∂M
Ad−1 +
∫
M
Bd . (38)
Even though in the context of topological configurations and invariants the boundary term
may become important, this integration allows us to define actions. In such a context or in
a boundary-less manifold, the relevant part of the integral reduces to the second term. This
recipe is in line with representing σ as a grassmannian variable, since the integral coincides
with taking a derivative with respect to it.
2.4 New Topological Charges
As an application, let us consider a fiber bundle with a (d ≥ 4)-dimensional base manifold
Md, whose principal bundle is given by the action of an arbitrary Lie Group G. Consider in
addition, a four-dimensional submanifold M4 embedded into Md. So in DF, one may define
a generalized doublet gauge connection A = (A,B) ≡ Aaµ τ
a + Baµν1ν2... τ
aν1ν2..., where here
B is a totally anti-symmetric (d− 2)-form, i.e. one must set τaν1ν2... ≡ στaeν1 ∧ eν2 . . . .
According to the definition (35), the gauge invariant integral
I ≡
∫
TrF ∧ F =
(∫
M4
Tr (F ∧ F ) ,
∫
Md
Tr (F ∧H + H ∧ F )
)
= (I4, Id) (39)
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is a meaningful doublet of topological quantities. The first component is the instanton
number or Chern-Pontryagin index in four dimensions, but the second one is a new one.
Here we have used the trace in the ordinary Lie group, such that Tr(τaτ b) = δab, which
is related to the inner product in the Lie algebra. This aspect will be clarified in the next
Section.
Notice that this quantity is defined on a d-dimensional manifold but clearly, although
independent, it is closely related to the number of instantons in the M4-projected Yang Mills
theory 5 and it shall encode relevant topological information. In a forthcoming work, we
shall study topological configurations where this number can be physically interpreted [28].
Then, let us observe that the doublet of currents (39) is conserved. In fact, the related
topological current density may be expressed as:
J ≡ ∗L = (S3
∗L3, Sd−1
∗Ld−1) (40)
where
L ≡ (L3, L4) =
(
AdA−
2i
3
A ∧ A ∧ A , A ∧ dB +B ∧ dA− i2A ∧ A ∧ B
)
, (41)
which may be written in terms of the doublet connection in the suggestive form:
L = Tr
(
AdA−
2i
3
A ∧A ∧A
)
. (42)
The exterior derivative of this doublet is precisely the integrand of (39)
I = dL (43)
which, by virtue of the Bianchi identities, shows that the total divergence of (40) vanishes.
3 The Chern-Simons theory and non-Abelian BF models.
The Chern-Simons action in d dimensions may be rigorously defined in DF, and notably, the
relation with the paradigmatic three-dimensional case is manifest [22].
Consider the connection A = (A,B) on an arbitrary Lie group, we can define the integral
doublet (35):
ICS[A] ≡
∫
Tr
(
AdA−
2i
3
A∧A ∧A
)
. (44)
The integrand in this expression is in fact the doublet of (3, d)-form given explicitly by Eq.
(41). Notice that the first component corresponds to the canonical Chern-Simons theory for
a one form gauge field A in three dimensions, while as is manifest, the doublet as a whole is
what we shall identify as its generalization to arbitrary d dimensions in DF.
5We are tempted to suggest a relation of duality between them.
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Finally, we take the integration (37) in order to define the d-dimensional Chern-Simons
action:
SCS[A] ≡ −k
∫
Tr ([A ∧ dB +B ∧ dA]− i2[A ∧A ∧ B]) . (45)
where k denotes the inverse of the coupling constant. This is a well defined gauge invariant
topological theory, and may be recognized as the generalization of a so-called BF theory for
an arbitrary non-Abelian Lie group. The second term in the R.H.S. is not obvious and it
is necessary to get the gauge invariance (19). It is indeed straightforward to check out that
SCS is gauge invariant (up to a total derivative) as expected.
The equations of motion read:
F = dA− iA ∧A = (F , H ) = 0 . (46)
B ∧ F theories are similar to Chern-Simons in three dimensions and they are often
associated by analogy [24], however, the actual connection between both never has been
clearly established so far [22]. In the present framework this is indeed defined as a genuine
Chern-Simons theory for a doublet connection.
In the particularly meaningful d = 4 case, one can define the invariant integral as (38),
and the Chern Simons adopts the more general form:
SCS[A] ≡
∫
∂M4
Tr
(
AdA−
2i
3
A ∧A ∧ A
)
+
∫
M4
Tr ([A ∧ dB +B ∧ dA]− i2[A ∧ A ∧ B]) ,
(47)
which includes a boundary term that precisely is a Chern Simons theory for the gauge field
Aµ
6. Therefore, BF theory (rigorously generalized here to non-Abelian groups) and Chern
Simons theory, are manifestly part of a same structure in DF.
A note on the inner product
Notice that to define the actions above we have implicitly used the trace in the ordinary
Lie group, such that Tr(τaτ b) = δab; however, in order to define gauge invariant numbers,
the necessary structure is an inner product 〈 ; 〉 in the extended algebra. In an ordinary Lie
Algebra one has standard matricial representations and then it reduces to the ordinary trace
〈A ;B 〉 = (TrAB), but there is no an obvious way to extend this to DA. Then, if we naively
define it by using the standard trace, we have that the inner product extends as below
Tr(τa, τ b) = δab ; Tr(τaµ, τ b) = σ δabeµ ; Tr(τaµ, τ bν) = 0 (48)
so that the basis of the algebra (13) is not orthogonal with respect to it. In the present work
we shall consider this extension, but as we warn below, in certain specific cases one may run
into troubles in defining invariant actions.
6For a boundaryless M4, or asymptotic decay of A, this action agrees with (45) for dimension d.
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4 The Yang-Mills action
Next, we may canonically define Yang Mills theories for doublet connections in d dimensions
A = (A1 , Br+1), r ≤ d − 2. The field strength tensor is F = (F2 , Hr+2), and by virtue of
30, the curvature dual is:
∗F = (Sr+2
∗H , S2
∗F ) , (49)
which is a doublet (d− r − 2 , d− 2)-form. Therefore,
F ∧ ⋆F = (Sr+2F ∧
∗H , S2 F ∧
∗F + Sr+2
∗H ∧H) (50)
is a (d − r , d)-form. Therefore, the pure Yang-Mills action can be defined as the integral
(37) of this expression, which is gauge invariant for construction:
SYM ≡
∫
TrF ∧ ∗F =
∫
Tr (S2 F ∧
∗F + Sr+2
∗H ∧H) . (51)
This may be written also as:
SYM ≡
∫
dxd Tr (Sd−2S2 F · F + Sd−r−2Sr+2 H ·H) , (52)
where the dot represents the ordered contraction over all the space-time indices: P · Q ≡
Pµ1...µnQ
µ1...µn . Using (33), we have:
SYM ≡
∫
dxd Tr
(
(−1)s+2(d−2) F · F + (−1)s+(r+2)(d−r−2) H ·H
)
. (53)
The equations of motion (source-free) read:
D ∧ ∗F = 0, (54)
in components,
( (d − iA1),−iBr+1) ∧ (Sr+2 (
∗H)d−r−2 , S2 (
∗F )d−2 ) = 0 , (55)
where ∗ is the standard contraction by the Levi-Civita tensor. Using (26) this splits in two
equations:
(d − iA1) ∧
∗H = 0 , S2 (d − iA1) ∧
∗F − iSr+2 Br+1 ∧
∗H = 0 . (56)
Contracting these equations by the totally anti-symmetric Levi-Civita tensor, they adopt
the more familiar divergence type form 7:
(∂ − iA1) ·H = 0 , (∂ − iA1) · F − i (−1)
r(d−r)Br+1 ·H = 0 . (57)
7In this notation the scalar product “ ·” also denotes the product in the Lie algebra given by the commu-
tator, i.e: A · B ≡ [Aµ, B
µ].
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Unfortunately, this action is not invariant under the full set of gauge transformations
(10). The explicit violation of the β-invariance can be computed as
δSYM ∝
∫
dxd Tr ( [β, F ] ∧ ∗H) . (58)
The reason why this is not β-invariant is not clear for us, but this could be due to the
structure extra to the group or algebra extensions defined to construct scalars. To our mind,
this can be a consequence of the ill-defined inner product in the extended doublet algebra
observed above.
Nevertheless, notice that YM action is invariant under the subgroup of α-transformations
(defined by fixing the parameter βµ = 0), that is the conventional Lie group in standard gauge
theory. In the model with topological mass generation studied below, we will take advantage
of this fact.
5 Matter Fields
Bosonic matter:
The Hodge operation and integration are the need ingredients to define general global
(and local) gauge invariant actions in a exterior calculus language. The standard free action
for a complex scalar (a 0-form) field φ in the adjoint representation of a group G expresses
as
Sscalar(φ) ≡
1
2
Tr
∫
dφ ∧ ∗dφ+
m2
2
∫
Tr φ ∧ ∗φ . (59)
In this language, additional interacting terms may be written as:
Sint ≡
∑
n
λn
n!
Tr
∫ (
φ ∧ ∗φ
)n
. (60)
The rule to form gauge invariant action for bosonic matter fields in a four-dimensional
Lorentzian space time, consists in doing the substitution:
φ → Φ = Iφ+ σφµ = (Iφ
a + σφaµ) τ
a. (61)
Plugging this into the action (59), using the algebra (5), (30), and the integration defined
above, we obtain:
S(φ, φµ) =
(−1)
2
Tr
∫
d4x
(
∂µφ∂
µφ− ∂[µφν]∂
[µφν] +
m2
2
(φφ+ φµφ
µ)
)
. (62)
For p-form matter fields the rule is the same, the action (59) is well defined for any type
of the singlet φ ∈ Λ p; then, one shall extend this to a doublet as (61) φ → Φ = (φ, φr) ∈
Λ p ⊗ Λ p+r, with p, r arbitrary.
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φ → Φ ≡ Iφ+ σφr = (Iφ
a
µ1....µp
+ σφaµ1....µp+r) τ
a. (63)
Then the free action in d dimensions becomes
S(Φ) =
1
2
Tr
∫
ddx
(
Sd−p−1Sp+1 ∂[µφµ1...µp]∂
[µφµ1...µp] +
+Sd−p−r−1Sp+r+1 ∂[µφµ1...µp+r]∂
[µφµ1...µp+r] +
m2
2
( (Sd−pSp) φ[µ1...µp]φ
[µ1...µp] + (Sd−p−rSp+r) φ[µ1...µp+r]φ
[µ1....µp+r])
)
. (64)
where the signal in front of each term is determined from the formula (33).
Locally invariant actions are obtained from this one by minimal substitution of the co-
variant derivative d→ D that includes standard gauge one form A1 and the new tensor field
B1+r.
Fermionic matter:
By performing the formal replacement p = 1/2 in the rule (63 ) above, we obtain the
doublet of fields we have to consider to construct gauge invariant actions that include Dirac
fields in the matter sector. So then,
ψ(1/2) → Ψ ≡ Iψ(1/2) + σ ζ(1/2)+r = (Iψ
a + σζaµ1....µr) τ
a. (65)
Particularizing now for the simplest d = 4 case, ψ ≡ ψ1/2 is a spinor field, while its partner
ζ(1/2)+1 carries spin 3/2 which behaves as a (massive) Rarita-Shwinger-type field, as it shall
become clear in what follows below.
The global invariance under doublet gauge transformations is manifest whenever we write
the Dirac action in the language of forms:
SDirac ≡
∫
Tr ψ¯ γ ∧ ∗(dψ) + im
∫
Tr ψ ∧ ∗ψ, (66)
where the gamma matrices are thought as components of a one-form (whose components are
matrices) γ ≡ γµ, in order to simplify the notation; the spinor indices are all contracted in
the standard way, and the trace contracts the group internal indices, and finally, the Hodge
operation ∗ acts only on the tensor indices µ, ν, ....
In the mass term the product ∧ does not play any role while we do not substitute ψ by
the doublet Ψ. Then plugging (65) into this action we obtain the globally invariant fermionic
action:
Sf (Ψ) ≡
∫
Tr Ψ¯ γ ∧ ⋆(dΨ) + im
∫
TrΨ ∧ ⋆Ψ, (67)
which, by using the DF algebra and integration, reads
Sf (Ψ) = SDirac(ψ) +
∫
Tr ζ¯ γ ∧ ⋆(dζ) + im
∫
Tr ζ ∧ ⋆ζ, (68)
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where ζ has to be thought as a one form, while the spinor index is implicit (and contracted
with γ’s as standard). This sector is new and may be written in components as
S(ζ) =
∫
Tr ζ¯[µ γν] (∂
µζν) dx4 + im
∫
Tr ζµζ
µ, (69)
This action gives dynamics to the spin-3/2 field. Let us now understand how close it is
related to the Rarita-Schwinger field and how the spin-1/2 mode propagates. The equation
of motion is
γµ ∂[µ ζν] = imζν , (70)
which looks like as a “dual" to a conventional Rarita-Schwinger field. Notice that, by choosing
the Rarita-Schwinger gauge: γµ ζµ = 0, this equation of motion reduces to the Dirac equation
for the component fields:
∂/ ζν = imζν , (71)
which describes the propagating modes. In fact, Eq. (70) defines a way of generalizing the
Dirac equation (r = 0), to any (1/2) + r-form ζ :
γµ (∂[µ ζµ1....µr]) = imζ[µ1....µr] . (72)
By imposing the Rarita-Schwinger-like gauge as
γµi ζµ1...µi...µr = 0 ∀i = 1, . . . , r , (73)
eq. (72) reduces to:
γµ ∂µ ζµ1....µr = imζµ1....µr . (74)
6 The Yang-Mills-Chern-Simons theory and topological
mass mechanism
A remarkable no-go theorem on the topological mass mechanism in d = 4 dimensions has
been presented in ref. [11]. The argument is based on the non-existence of power-counting
renormalizable gauge theories, constructed by consistent deformations from the Cremmer-
Scherk-Kalb-Ramond Abelian theory into a non-Abelian one. However, it is interesting to
analyze this theory in view of the gauge group structure clarified here. Since an important
ingredient of this negative result is the impossibility of closing the algebra, one can hope
that the present well defined group structure might solve these obstacles.
As shown above, the Cremmer-Scherk-Kalb-Ramond model may be rigorously defined in
DF (and generalized to non-Abelian gauge symmetry) as a Yang-Mills-Chern-Simons theory
(Ecs. (45),(51)) :
S(A) := mSCS + SYM , (75)
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where m is a relative constant which has mass unit. The structure of this theory is indeed
completely similar to YMCS in 2 + 1 dimensions, which are known to be finite [12]. In
this model the β-symmetry is explicitly broken by the last term, however it remains totally
invariant under the ordinary gauge symmetry g = exp i αaτa. In this sense this could be
thought as a partially topologically massive model.
Because of that, we propose the action (75) in d = 4 as a candidate to a well defined
model with topological mass mechanism. This action results a non-Abelian BF one, which
reads as
S(A,B) ≡ m
∫
Tr ([A ∧ dB +B ∧ dA]− i2[A ∧ A ∧ B]) +
∫
Tr (F ∧ ∗F − ∗H ∧H) ,
(76)
where A = (Aµ, Bµν). Notice that a pure Chern-Simons boundary term could be added in a
gauge invariant way, according to expression (47), but we are not going to consider it here.
The kinetic H2-term that provides the propagator for field B is not β-invariant; but there
is no other one, quadratic in the fields A,B or their derivatives, being invariant under the
most general combined α⊕ β-tranformations (18).
6.1 Propagators
To compute the propagators for the gauge-field excitations, we need to concentrate on the
bosonic Lagrangian in terms of the physical fields Aµ and Bµν . For the sake of reading off
these propagators, we refer to the bilinear sector of the Lagrangian, whose kinetic piece can
be cast like below:
L0 = Tr
(
1
4
FµνF
µν − G˜µG˜
µ + 2mAµG˜
µ
)
, (77)
In order to invert the wave operator, we have to fix the gauge so as to make the matrix
non-singular. This is accomplished by adding the gauge-fixing terms,
LAµ =
1
2α
Tr(∂µA
µ)2; (78)
LBµν =
1
2β
Tr(∂µB
µν)2. (79)
where α, β are constants. Although there is no gauge invariance under the sector β-gauge
transformations, the last term is necessary to solve the equation of motion and find the
propagators.
To read off the Aµ Bµν-fields propagators, we shall use an extension of the spin-projection
operator formalism presented in [25, 26]. The propagators we are looking for, were already
computed in Ref. [27] which may be written explicitly in terms of matrix elements,
< AA >=
2i
(4m2 +✷)
Θµν +
2i α
✷
Ωµν
(
∼ k−2
)
, (80)
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< AB >= −
2m
✷
2i
(4m2 +✷)
ǫλµνα ∂λΘ
αk
(
∼ k−3
)
, (81)
< BB >=
2i
(4m2 +✷)
(P 1b )αβγk +
i
(16m−1 − (8β)−1✷)
(P 1e )αβγk
(
∼ k−2
)
. (82)
which were expressed in terms of the algebra of projectors:
(P 1b )µν,ρσ =
1
2
(ΘµρΘνσ −ΘµσΘνρ), (83)
(P 1e )µν,ρσ =
1
2
(ΘµρΩνσ −ΘµσΩνρ −ΘνρΩµσ +ΘνσΩµρ), (84)
where Θµν and Ωµν are, respectively, the transverse and longitudinal projection operators,
given by:
Θµν = ηµν − Ωµν , (85)
and
Ωµν =
∂µ∂ν
✷
. (86)
In Eq. (80), we explicitly see that there is a massive mode for the gauge field Aµ.
The other operator coming from the Kalb-Ramond sector, Sµγk, is defined in terms of Levi-
Civita tensor as
Sµγk = ǫλµγk∂
λ. (87)
Let us write down the interaction terms that appear in the CS lagrangian:
−m
∫
Tr ([A ∧ dB +B ∧ dA]− i2[A ∧ A ∧B]) . (88)
The first term is nothing but the third one in Eq. (77), then it is encoded in the propagators.
The second term is the single CS vertex.
We also have the vertex terms from the YM sector (51):
A∧A∧ ∗(A∧A) ; 2 ∗(dA)∧ (A∧A) ; 2 ∗(dB)∧ (A∧B+B∧A) ; 4 ∗(A∧B)∧B ∧A) . (89)
From now on, all these terms, which will provide the different vertex diagrams, will be un-
ambiguously referred by the respective subscripts AAB,AAAA ≡ 4A,AAA ≡ 3A,ABB,AABB.
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6.2 Power-counting rule for the primitive divergences
we have
δ ≡ 2IAA + 2IBB + IAB − 4(V − 1) + V3A + VBBA (90)
where V = VAAB + V3A + V4A + VBBA + VAABB.
2IAA + IAB + EA = 2VAAB + 3V3A + 4V4A + VBBA + 2VAABB (91)
2IBB + IAB + EB = VAAB + 2VBBA + 2VAABB (92)
then we have
δ = 4− (IAB + EA + EB + VAAB) (93)
which shows renormalizability for very generic diagrams, except for very special ones given
by:
(IAB + EA + EB + VAAB) < 4 (94)
Sufficient number of external lines and/or external vertex, already guarantee that this last
inequality is violated, and the diagram is then renormalizable.
6.3 Discussion.
By adopting an extended approach, referred to as tensor gauge field doublet formalism, we
have found a possibility to build up the non-Abelian generalization of the CSKR model
which opens up a viable path for a relevant topological mass mechanism in four dimensions.
This construction favors a result that contrasts with a previous No-Go theorem [11], where
is crucially argued that there is not a consistent deformation of the CSKR model. We think
that the objection raised in [11] on the inconsistency of these type of models might be by-
passed in the formalism presented here, since one assumption for the no-go result is that the
non-Abelian extension of the Kalb-Ramond field, B is uncharged. In mathematical language,
this may be expressed by means of the transformation law:
δB = Dβ ≡ dβ + [A, β]. (95)
In our approach, however, which is based upon the doublet structure of the algebra, this
brings up a novel term related precisely to the charge of B, namely
δB = dβ + [A, β] + [B, α]. (96)
The [B, α]-term is genuinely due to our doublet formalism, and it plays an important role
for the consistency of the theory.
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7 Concluding Comments
In this work, we have presented a sort of extended algebraic structure and discussed some
of its main tools in details, in order to build up general quantum field theories with p-
tensors/forms as genuine gauge fields of conventional gauging methods associated to matter
lagrangians. A new topological invariant, shown to be connected to the Chern-Pontryagin
index has been defined, and consequently, a 4d-Chern-Simons theory, involving both A and
B-fields was rigorously constructed.
We also have attempted at the construction of a consistent non-Abelian topologically
massive gauge model in four dimensions and we argued it is a consistent quantum field-
theoretic model. This can be considered to provide partially topological mass generation
mechanism since it is gauge invariant under any conventional Lie group, but manifestly vi-
olates its extension to the β-sector. The β-violating term H2 in the YM sector is what
provides the propagators for the theory; and there is no other one quadratic (second order)
in the fields (A,B) being invariant under the most general combined α ⊕ β-tranformations
(18). This constitutes a sort of “no-go” result for this type of term in the present formalism.
Therefore, one of our main results in this sense is precisely that the Chern-Simons action
defined in Sec. 3 is the most general theory with this most general invariance in four dimen-
sions. At this point, we can claim that the such full invariance can be realized at least for a
topological action.
As a next step, we have to include the matter sector with the aim of reproducing/fiting
the main features of the Standard Model. Another issue whose result will be reported in a
forthcoming work concerns the Goldston theorem, which, in the context of the DF, presents
interesting aspects and involves a spin-1 Goldstone boson along with the conventional scalar
one whenever there occurs spontaneous symmetry breaking. The role of the would-be spin-1
Goldstone bosons of the DF may be another problem to be understood in connection with
the gravitational Higgs mechanism.
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